Four quantities deducible from nuclear structure experiments have been claimed to correlate to the slope parameter L of the symmetry energy; the neutron skin thickness, the cross section of low-energy dipole (LED) mode, dipole polarizability αD, and αDS0 (i.e. product of αD and the symmetry energy S0). By the calculations in the Hartree-Fock plus random-phase approximation with various effective interactions, we compare the correlations between L and these four quantities. The correlation derived from different interactions and the correlation from a class of interactions that are identical in the symmetric matter as well as in S0 are simultaneously examined. These two types of correlations may behave differently, as exemplified in the correlation of αD to L. It is found that the neutron skin thickness and αDS0 correlate well to L, and therefore are suitable for narrowing down the value of L via experiments. The LED emergence and upgrowth makes the αDS0-L correlation strong, although these correlations are disarranged when neutron halo appears in the ground state.
I. INTRODUCTION
Properties of nuclear matter is a basic subject in nuclear physics. The equation of state (EoS) of the symmetric nuclear matter (SNM), which is characterized by the saturation density ρ 0 , the saturation energy E/A(ρ 0 ) and the incompressibility K ∞ , has been studied for a long time and its properties around ρ 0 are known rather well. In contrast, the EoS of the pure neutron matter (PNM) has not been established, despite its importance connected with compact astrophysical objects, e.g. neutron stars (NSs). Recent observation of a two-solarmass (2M ⊙ ) NS [1] has imposed a constraint on the EoS, and has given an additional momentum for resolving the PNM EoS in particular. Based on the SNM EoS, the PNM EoS is mostly governed by the symmetry energy S as a function of density ρ, which is characterized by S 0 = S(ρ = ρ 0 ) and the slope parameter, L = 3ρ 0 ∂S(ρ) ∂ρ ρ=ρ0 .
As S 0 has long been investigated and is known rather well, the current uncertainty in the PNM EoS mainly originates in the uncertainty in L.
Although pure neutron many-body systems do not exist on earth, experiments using radioactive beams disclosed that many nuclei have certain volumes dominated by neutrons; i.e. neutron skins. This may open a possibility to constrain the PNM EoS from experiments on structure of the neutron-rich nuclei. Objects dominated by neutrons may be formed also in the process of nuclear reactions, which could leave a signal in observables. Many studies narrowing the PNM EoS have been devoted to searching observables which strongly correlate with L; e.g. nuclear mass systematics [2] [3] [4] [5] [6] , neutron skin thickness [7] [8] [9] [10] [11] [12] , fragmentation in the heavy ion collisions [13] [14] [15] [16] , and low-lying E1 mode (LED) [17, 18] in unstable nuclei. Among them, we focus on quantities relevant to structure of specific nuclides, for which modeldependence is considered to be relatively weak.
In Ref. [11] , the neutron skin thickness ∆r np in 208 Pb has been found to correlate linearly to L with a large correlation coefficient 0.98, by calculations using 47 effective interactions. This suggests that accurate determination of ∆r np serves constraining L. The LED mode is considered as a relative oscillation between the neutron skin and the remnant core. In Ref. [17] , a linear correlation between the LED cross section (σ LED ) and L has been suggested, from calculations in the random-phase approximation (RPA) for 68 Ni and 132 Sn with 26 effective interaction. By combining it with the experimental data, L = 49 − 81 MeV has been deduced [19, 20] . However, the covariance analysis for effective interactions [21] [22] [23] has shown that this correlation is not always strong. Instead, the dipole polarizability α D has been claimed to be better in constraining L than cross section and transition strength of the LED. If the α D -L correlation is assumed, the experimental data in 208 Pb indicate L = 46 ± 15 MeV [24] . It has further been argued, in Ref. [25] , that a product of α D and S 0 is better correlated with L than α D alone, based on the droplet model with some assumptions.
The above four quantities (∆r np , σ LED , α D and α D S 0 ) have been proposed in separate works, and there have been few studies comparing them directly, with exception of Ref. [26] . Moreover, depending on the studies, two different types of the correlations have been argued that should be distinguished. The α D -L correlation has been investigated using the covariance analysis, for which a single interaction and its variants are employed. These variants are generated so as to have similar properties to the original interaction except L. In contrast, the other correlations have been investigated using many interactions with different origin. It is not obvious whether these two types of correlations have the same behavior. We also point out that nucleus-dependence has not been discussed sufficiently. Most calculations have been implemented in 68 Ni, 132 Sn and 208 Pb, partly because they are spherical, neutron-rich and accessible by experiments. Nuclear deformation possibly draws complication, indeed. Still, there could be better candidates. Further investigation including careful assessment of correlations is desired in order to constrain L from experimental data.
In this article we investigate the correlations of ∆r np , σ LED , α D and α D S 0 with L for a number of spherical nuclei. The paper is organized as follows. In Sec. II, we briefly explain interactions we employ and introduce an additional term to them, which controls the value of L. Numerical results are given in Sec. III, and we discuss the interaction-and nucleus-dependence of the correlations. Conclusion is given in Sec. IV.
II. METHOD
We perform the RPA calculations on top of the Hartree-Fock (HF) wave functions in fully self-consistent manner, by using the numerical methods of Refs. [27, 28] .
In investigating interaction-dependence of the correlations between L and the quantities, we employ a variety of effective interactions, covering a wide range of L. They are three Skyrme interactions which have widely been used (SkM * [29] , SLy4 [30] and SGII [31] ), two latest designed ones (UNEDF0 and UNEDF1 [32] ), and four Skyrme interactions (SkI2, SkI3, SkI4 and SkI5 [33] ) that give large L values, and two more Skyrme interactions (SkT4 [34] and Ska [35] ) which are less frequently used but useful for checking robustness of the correlations. In addition, three Gogny (D1 [36] , D1S [37] and D1M [38] ) and two M3Y-type interactions (M3Y-P6 and M3Y-P7 [39] ) are adopted. Using these effective interactions which cover L = 18 − 129 MeV, we discuss the correlations among different interactions (CDI). There have been a certain number of relativistic mean-field (RMF) calculations. Most of the RMF Lagrangians adopted so far tend to give large L values ( 100 MeV), which do not seem compatible with experimental data. Their results are similar, though not identical, to the SkIn (n = 2 − 5) ones. There may be rooms to obtain RMF Lagrangians giving smaller L values. Although we have not implemented the RMF calculations, we shall mention some of the RMF results available in literature.
In the covariance analysis in Refs. [21] [22] [23] , a class of interactions that share basic properties with an original interaction were considered. Following Ref. [40] , we here introduce an additional term for the interaction,
where P σ is the spin exchange operator. This additional term does not change S 0 because it vanishes at ρ = ρ 0 , and has no effects on the SNM EoS because (2)) of (a) EoS and (b) the slope parameter L, calculated with SLy4 interaction on setting VL = 0, ±1000, ±2000 fm 3+3α MeV, and (c) relation between neutron skin thickness in 208 Pb and L shifted by adjusting VL. P σ δ(r i − r j ) = 0 in the SNM. We thus obtain a class of interactions having different L by varying V L , with changing neither SNM EoS nor S 0 . All the nonrelativistic interactions contain a density-dependent term in which the coupling constant is proportional to a power of the density. We keep this power α of each original interaction also for the additional term in Eq. (2). The correlation given by the interactions belonging to the same class, which are generated from a single interaction but have different V L , will be called correlation in a single class of interactions (CSI) in this paper. 
for a specific nuclide. As is expected, L correlates linearly with the neutron skin thickness in 208 Pb among this class of interactions, as shown in Fig. 1 The E1 transition operator is expressed as
after the center of mass correction. Here i is the index of nucleons and i ∈ p (i ∈ n) indicates that the sum runs over protons (neutrons). The E1 strength is calculated as
where n is the index of the excited states and ω denotes the excitation energy. For the smearing parameter γ, we adopt γ = 0.5 MeV, after confirming that the results do not change much with γ = 0.1 − 0.5 MeV. The LED cross section σ LED is given by
where ω dip is the energy at which S (E1) (ω) is separated into the LED and giant dipole resonance (GDR) regions. Although the LED and the GDR components could mix in certain energy range [41] , we here separate them by energy for simplicity. It is not obvious how ω dip should be defined. We determine ω dip as follows. If we find a distinguishable LED peak in S (E1) (ω), ω dip is defined as the energy corresponding to the minimum of S (E1) (ω) that exists between the LED peak and the GDR.
The dipole polarizability α D is calculated as
Owing to the energy denominator, α D is expected to be sensitive to the LED. It should be noted that α D is unambiguously defined unlike σ LED . As a measure of correlations, it is customary to use the correlation coefficient. For the two quantities (x, y) for which we have data points ( Correlations between L and σ LED are shown in Fig. 2(b) . We discard the σ LED results in the case that S (E1) (ω) has two peaks in the LED region, because we cannot unambiguously determine ω dip at which the LED and GDR regions are separated, and Fig. 2(b) of Ref. [17] ), the slope of the linear function is smaller by a factor ∼ 2. This discrepancy can be interpreted as follows: In Ref. [17] , the CDI of σ LED with L has been investigated via 19 Skyrme interactions and 7 relativistic effective Lagrangians which cover L = 0 − 130 MeV. Among them, seven relativistic Lagrangians and three Skyrme interactions SkI2, SkI3 and SK255 [42] , all of which give L 100 MeV, seem to behave differently from the other interactions. The high weight (10 out of the 26 interactions) of these large-L interactions leads to the steep slope in Ref. [17] . If we exclude the results of SkI2, SkI3, SK255 and the RMF in Fig. 2(b) of Ref. [17] and refit the others to a linear function, the slope is compatible with our result. However, with ambiguity in the definition of σ LED and large deviation by certain interactions, we conclude that σ LED is currently unsuitable for constraining L. We have investigated the correlations of ∆r np , σ LED , α D and α D S 0 in 132 Sn with L, and have found that ∆r np and α D S 0 are promising for constraining L.
B. Nucleus-dependence
The correlations between L and observables related to the neutron skin were discussed mainly in 68 Ni, 132 Sn and 208 Pb in the previous studies. We next consider nucleusdependence of the ∆r np -L and α D S 0 -L correlations.
We have calculated the ∆r np -L correlations in doublymagic nuclei and in nearly-doubly-magic nuclei, 16, 22, 24 [11] . The linear function obtained by fitting is ∆r np ( 208 Pb) = 0.00107L+0.103 fm with the standard deviation 0.013 fm, being equivalent to 12 MeV uncertainty of L. The slope of the fitted function is smaller by ∼ 30% than that of Ref. [11] . This discrepancy is again attributed to contribution of the RMF results with L > ∼ 100 MeV, because they increase the slope in Fig. 3 of Ref. [11] . Still the ∆r np -L correlation in 208 Pb is so strong to be promising for getting constraint on L. The ∆r np -L correlation gradually becomes the weaker for the lighter nuclei. Notice that the steeper slope in the linear function tends to make the correlation coefficient the larger. When errors in experimental data are taken into consideration, a steep slope is further advantageous in constraining L. Fig. 3(c) . ∆r np is strongly affected by the spatial extension of the looselybound neutron orbits around the neutron Fermi level. In nuclei near the neutron drip line, the additional term introduced in Eq. (2) with negative V L , which lowers L, lifts up the neutron Fermi level and makes the loosely-bound orbits extend significantly. This effect is connected to the neutron halo which may irregularly increase ∆r np . This mechanism makes the ∆r np -L correlation weaker in neutron drip-line nuclei, as is seen in 22, 24 O, 70 Ca and 176 Sn. Therefore, the ∆r np in heavy nuclei distant from the drip line may be appropriate in constraining L. Measurement on 208 Pb seems to provide one of the best possibilities in this respect. However, despite great efforts and progress, it is not yet easy to experimentally determine ∆r np ( 208 Pb) with good precision. It should also be kept in mind that the ∆r np -L correlation has been investigated only phenomenologically. Without support from quantitatively reliable theories, cross checks from other nuclei and/or other quantities are important.
Let us turn to nucleus-dependence of the α D S 0 -L correlation. Because of the energy denominator in Eq. (7), α D S 0 is rather sensitive to the LED, which emerges and grows up beyond the magic numbers N = 14, 28, 50 and 82 [44, 45] . We expect that α D S 0 correlates better with L as the LED develops in the neutron-rich nuclei. In Table I we list R[L, α D S 0 ] for the stable doubly-magic nuclei and neutron-rich nuclei having well-developed LED, 16, 24 48 Ca)] = 0.90. This is mainly because the M3Y-P6 and P7 interactions produce higher neutron Fermi level than the other interactions in 54 Ca, and generate the neutron halo when we take V L < 0. As in ∆r np , presence of the halo disturbs the correlation, since the halo may produce large LED and thereby causes large α D . The correlation coefficients are high both in The α D S 0 -L correlation in 208 Pb has been calculated in Ref. [25] employing Skyrme interactions and relativistic Lagrangians, and the linear fitting gives the slope a = 2.3 e 2 fm 2 /MeV and the intercept b = 333 e 2 fm 2 . Compared with our result, the intercept is almost equal but the slope is steeper. Another result of the α D S 0 -L relation is available from Ref. [46] , in which only α D -L correlation is calculated with a family of relativistic Lagrangian. We can see the α D S 0 -L correlation using those results. The fitted linear function representing the α D S 0 -L correlation of Ref. [46] has the slope a ∼ 2.9 e 2 fm 2 /MeV and the intercept b ∼ 310 e 2 fm 2 . The slope is again steeper than our result while the intercept is compatible. Therefore, the currently available RMF results increase the slope but have small impact on the intercept of the α D S 0 -L relation.
C. Comparison with droplet model estimation
The α D S 0 -L correlation has been suggested in Ref. [25] based on the droplet model under some assumptions. The relation of α D S 0 and L reads
where ρ A ∼ 0.1 fm −3 [7, 47] . While we have phenomenologically confirmed the α D S 0 -L correlation in preceding sections, it deserves investigating validity of this relation. For a given interaction and a nucleus we evaluate (α D S 0 ) DM from Eq. (9) , and compare them to α D S 0 obtained from the HF+RPA calculations.
One of the assumptions in the droplet model is [48, 49] x A ≡ 9 4
where Q is the surface stiffness coefficient connected with the nuclear surface symmetry energy [2] . For the droplet model estimation (Eq. (9)) to be justified, x A should be sufficiently small. In evaluating x A , we use an approximate expression for Q [51] ,
instead of calculating Q in the asymmetric semi-infinite nuclear matter [2, [48] [49] [50] . Here a (∼ 0.55 fm) is the diffuseness of the symmetric semi-infinite nuclear matter [2] and K sym is the 2nd derivative of the symmetry energy with respect to the density at the saturation point. The calculated x A values are listed in Table II , accompanying ρ 0 , K ∞ , S 0 , L, K sym and Q. Figure 5 shows the ratio of α D S 0 calculated with HF+RPA to (α D S 0 ) DM in 54 Ca, 68 Ni, 132 Sn and 208 Pb. The ratios clearly deviate from unity even for small x A . Although we have phenomenologically confirmed the α D S 0 -L correlation, the droplet model is not necessarily appropriate for justifying the correlation.
IV. CONCLUSION
We have investigated the correlations of L with the following four quantities; the neutron skin thickness ∆r np , the cross section of the low-energy dipole (LED) mode σ LED , the dipole polarizability α D , and the product of α D and the symmetry energy S 0 . In order to directly compare them and to unravel disorder in observables constraining L, we have simultaneously discussed the correlations derived from different interactions (CDI) and the correlation in a single class of interactions (CSI). For the II: Saturation density ρ0, incompressibility of symmetry nuclear matter K∞, symmetry energy S0, slope parameter L, incompressibility of symmetry energy Ksym, surface stiffness parameter Q and xA multiplied by the mass dependence, given by the Skyrme, Gogny and M3Y interactions with VL = 0. latter we introduce an additional term to each interaction, which enables us to control the value of L without influencing SNM EoS and S 0 . The ∆r np correlates almost linearly with L in heavy nuclei, although there remains slight interactiondependence as recognized via comparison with the results in Ref. [11] . The σ LED -L correlation has a significant interaction-dependence. Together with ambiguity in its definition, σ LED is not recommended to constraining L. In the α D -L correlation, we have found that the CSI and the CDI behave differently. It is not reasonable to constrain L only from α D . The α D S 0 -L correlation works well for narrowing down L. The ∆r np and α D S 0 are promising for constraining L, though with ∼ 12 MeV uncertainty.
The nucleus-dependence of the ∆r np -L and α D S 0 -L correlations has also been discussed. While the neutron halo makes the correlations weak, these correlations are strong in neutron-rich medium-or heavy-mass nuclei without neutron halo. Except neutron-halo nuclei, the LED makes the α D S 0 -L correlation strong and the slope of the linear function steep, to which the HF+RPA results are well fitted. Consequently, the neutron-rich nuclei having well-developed LED (e.g.
54 Ca and 140 Sn) are good candidates for obtaining the constraint on L, as well as the doubly magic nuclei 132 Sn and 208 Pb.
